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Abstract
In this paper we expand on previous results, studying the extent to
which one can detect fusion in certain finite groups Γ, from informa-
tion about the universal deformation rings of absolutely irreducible FpΓ-
modules. We consider groups which are extensions of finite irreducible
subgroups of Gl2(C) by elementary abelian p-groups of rank 2.
1 Introduction
In this paper we consider the function which assigns to an absolutely irreducible
FpΓ-module V , its universal deformation ring R(Γ, V ). We determine precisely
when this function is nonconstant on the collection of two-dimensional FpΓ-
modules. Then, we show that when the function is nonconstant, we can use
its graph to determine information about the internal structure of the group Γ.
Specifically, we connect the fusion of certain subgroups N of Γ, to the kernels
of those representations whose corresponding modules are a level set of the
function V → R(Γ, V ).
We say that a pair of elements of N are fused in Γ, if they are conjugate in Γ
but not in N , and we call the collection of elements of N which are fused in Γ,
the fusion of N in Γ. The universal deformation ring R(Γ, V ), is characterized
by the property that the isomorphism class of every lift of V over a complete
local commutative Noetherian ring R with residue field Fp arises from a unique
local ring homomorphism R(Γ, V )
α
−→ R. When the function V → R(Γ, V )
is nonconstant, our goal is to determine how to transfer information about
universal deformation rings to information about the internal structure of the
group. One might expect a connection with fusion because it plays a key role in
the character theory of Γ, which in turn enters into finding universal deformation
rings of representations.
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We will consider groups Γ which are extensions of finite subgroups of Gl2(C)
by elementary abelian p-groups of rank 2. For any group Γ, let Σ(Γ) denote
the collection of isomorphism classes of absolutely irreducible two-dimensional
FpΓ-modules.
We can now state our main results:
Theorem 1.1. Let G be a finite irreducible subgroup of Gl2(C). Let p be an
odd prime such that FpG is semisimple, and Fp is a sufficiently large field for
G. Let φ be an irreducible action of G on N = Z/pZ × Z/pZ. Let Γ = Γφ be
the corresponding semidirect product. Then, the following two statements are
equivalent,
i. φ is trivial on the center of G
ii. there exists a V in Σ(Γ) with R(Γ, V ) ≇ Zp.
Theorem 1.2. Let G be a finite irreducible subgroup of Gl2(C). Let p be an
odd prime such that FpG is semisimple, and Fp is a sufficiently large field for
G. Let φ be an irreducible action of G on N = Z/pZ × Z/pZ, and let Γ = Γφ
be the corresponding semidirect product. Suppose that φ is trivial on the center
of G. Then one can determine the fusion of N in Γ from the set {ker(ρ) : ρ ∈
Σ(Γ) with R(Γ, Vρ) ≇ Zp}.
Theorem 1.1 says that the function
Σ(Γφ)→ {local rings}, which sends V → R(Γφ, V )
is nonconstant in this context exactly when the representation φ is trivial on
the center of G. The necessity of this condition was established in [7, Cor.
3.4]. Theorem 1.2 says that when the function V → R(Γφ, V ) is not trivial,
knowledge of its graph can be used to determine the fusion of N in Γ. Both
Theorems 1.1 and 1.2 generalize the results in the analysis of dihedral groups
in [7].
This paper is organized as follows. In section 2 we recall the basic definitions
of deformations and deformation rings. In section 3 we make preliminary state-
ments about groups which admit faithful two-dimensional irreducible complex
representations. In sections 4 and section 5 we focus on those finite subgroups of
Gl2(C) which are central extensions of dihedral groups by cyclic groups. Then,
in section 6 we prove our main results.
This paper is a continuation of work begun in my dissertation at the Uni-
versity of Iowa under the supervision of Professor Frauke Bleher. I would like
to thank her for all of her advice and guidance.
2 Preliminaries on universal deformation rings
In this section, we give a brief introduction to deformations and universal de-
formation rings. We focus specifically on the perfect prime field Fp. For more
background material, we refer the reader to [6] and [3].
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Let p be an odd prime, Fp be the field with p elements, and let Zp denote the
ring of p-adic integers. Let Cˆ be the category whose objects are tuples (R, πR),
where R is a complete local commutative Noetherian rings with residue field
Fp, and πR is a projection to the residue field. The morphisms in Cˆ are local
homomorphisms of local rings that induce the identity map on Fp.
Suppose Γ is a finite group and V is a finitely generated FpΓ-module. A
lift of V over an object R in Cˆ is a pair (M,φ) where M is a finitely generated
RΓ-module that is free over R, and φ is an isomorphism of FpΓ-modules
Fp ⊗R M
φ
−→ V.
Two lifts (M,φ) and (M ′, φ′) of V over R are isomorphic if there is an RΓ-
module isomorphism M
α
−→M ′ with φ = φ′ ◦ (idFp ⊗α). The isomorphism class
[M,φ] of a lift (M,φ) of V over R is called a deformation of V over R, and the
set of such deformations is denoted by DefΓ(V,R). The deformation functor is
the functor Cˆ
FˆV−−→ Sets, which sends an object
R ∈ Cˆ
FˆV−−→ DefΓ(V,R) ∈ Sets
and a morphism
[R
f
−→ R′] ∈ Hom
Cˆ
(R,R′)
FˆV−−→ the function [[M,φ]
FˆV f
−−−→ [R′ ⊗R,f M,φ
′]].
In the above, the map DefΓ(V,R)
FˆV f
−−−→ DefΓ(V,R
′) is given by
[M,φ]→ [R′ ⊗R,f M,φ
′],
where φ′ = φ after identifying Fp ⊗R′ (R
′ ⊗R,f M) with Fp ⊗R M .
If there exists an object R(Γ, V ) in Cˆ and a deformation [U(Γ, V ), φU ] of V
over R(Γ, V ) such that for each R in Cˆ, and for each lift (M,φ) of V over R
there is a unique morphism R(Γ, V )
α
−→ R in Cˆ such that
FˆV (α)([U(Γ, V ), φU ]) = [M,φ],
then we call R(Γ, V ) the universal deformation ring of V and [U(Γ, V ), φU ] the
universal deformation of V .
In other words, R(Γ, V ) represents the functor FˆV in the sense that FˆV is
naturally isomorphic to Hom
Cˆ
(R(Γ, V ),−). In the case when the morphism
R(Γ, V )
α
−→ R relative to the lift (M,φ) of V over R is only known to be unique
if R is the ring of dual numbers over Fp but may be not unique for other R,
R(Γ, V ) is called the versal deformation ring of V and [U(Γ, V ), φU ] is called
the versal deformation of V .
By [6], every finitely generated FpΓ-module V has a versal deformation ring
R(Γ, V ). Moreover, if V is an absolutely irreducible FpΓ-module, then R(Γ, V )
is universal.
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The following result of Mazur shows the connection between the structure of
R(Γ, V ) and certain first and second cohomology groups Hi(Γ,HomFp(V, V ))),
for i = 1, 2.
Theorem 2.1. ([6, §1.6], [2, Thm. 2.4]) Suppose V is an absolutely irreducible
FpΓ-module, and let d
i
V = dimFpH
i(Γ,HomFp(V, V )) for i = 1, 2. Then R(Γ, V )
is isomorphic to a quotient algebra Zp[[t1, . . . , tr]]/J where r = d
1
V and d
2
V is an
upper bound on the minimal number of generators of J .
3 Preliminaries on groups with faithful irreducible
two-dimensional complex representations
In this section we discuss groups G that admit a faithful two-dimensional ir-
reducible complex representation. These are exactly the isomorphism classes
of irreducible finite subgroups of Gl2(C). Examples of such groups include
Sl2(F3), Sl2(F5), the binary octahedral group, and dihedral groups. For the
remainder of this paper, let D2n denote the dihedral group of order 2n ≥ 6.
If G is a finite irreducible subgroup of Gl2(C), we associate to the isomor-
phism class of G an odd prime p such that
i. FpG is semisimple, and
ii. Fp is a sufficiently large field for G.
Clearly, p = p(G). In this situation, the irreducible representation G ⊆
Gl2(C) is realizable over Fp and G is a semisimple subgroup of Gl2(Fp). We
now use the classical result that semisimple subgroups of Gl2(k) for k finite, are
parametrized by their image in PGl2(k) [4]. More precisely, if π is the natural
projection from Gl2(Fp)
π
−→ PGl2(Fp) then,
π(G) =


D2n, for some n
Z/mZ, for some m
A4, A5, or S4.
Now, for any irreducible two-dimensional Fp representation of G (not necessarily
faithful), we set Γ equal to the corresponding semidirect product
Γ = Γφ = (Z/pZ× Z/pZ)⋊φG.
Equivalently, we may say Γ is any group with a normal elementary abelian rank
two Sylow p-subgroup such that the corresponding quotient group satisfies the
technical conditions with respect to Fp stated above. We will sometimes say
the fusion of φ, for the fusion of N = Z/pZ × Z/pZ in Γφ. For any such Γ, we
obtain the sequence,
4
0 Z/pZ× Z/pZ Γ G 1
H
ι π
φ π
where π is the natural projection into PGl2(Fp), and H is cyclic, dihedral, or
one of A4, A5,or S4. Since the center of Gl2(Fp) is cyclic, we have that any such
G is a central extension of H by a cyclic group. Thus, we have the diagram
0
Z/mZ
0 Z/pZ× Z/pZ Γ G 1
H
0
ι
ι π
φ
π
where m divides p − 1. We point out that a central extension of H by a
cyclic group need not be isomorphic to a finite irreducible subgroup of Gl2(C).
Fix Γ = Γφ, and p prime. Let Σ = Σ(Γ) denote the collection of isomorphism
classes of absolutely irreducible two-dimensional FpΓ- modules. Note that every
absolutely irreducible FpΓ- module is an irreducible FpG-module inflated to Γ.
We will consider the function
Σ→ Cˆ, which sends V → R(Γ, V ).
Since φ is irreducible, if there exists a V ∈ Σ(Γ) with R(Γ, V ) ≇ Zp, then φ
must be trivial on the center of G [7, Corollary 3.4]. By [4, Appendix by Feit],
π(G) is dihedral or cyclic exactly when G is contained in the normalizer of some
Cartan subgroup C of Gl2(Fp). The cyclic case corresponds to G ⊆ C, and
the dihedral case to G ⊆ N(C), G 6⊆ C. By our hypotheses on G, p, and φ,
G cannot be abelian, so G may not be inside a Cartan subgroup (though an
analysis on the connections between fusion and universal deformation rings for
finite abelian groups was conducted in [7, sec 4.6]). Because Fp is sufficiently
large for G, we need only consider split Cartan subgroups if π(G) is dihedral.
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By Theorem 2.1 [6] to show R(Γ, V ) ≇ Zp it is sufficient to demonstrate that
H1(Γ,HomFp(V, V ))) is not trivial. We will use the results of [7] on group
cohomology and universal deformation rings.
We will show first that the function V → R(Γ, V ) is not the constant function
V → Zp if and only if the representation φ is trivial on the center ofG. Moreover,
we will show that when φ is trivial on Z(G), knowledge of where this function
takes values different from Zp can be used to detect the fusion of Z/pZ×Z/pZ
in Γ. That is, when the function V → R(Γ, V ) is nonconstant, we obtain the
correspondence
Fusion of φ! {ker(ρ) : ρ ∈ Σ and R(Γ, Vρ) ≇ Zp}.
The correspondence above means that given the fusion of φ one can deter-
mine the kernels of those representations whose corresponding FpΓφ-modules
have universal deformation ring different from the p-adic integers. Moreover,
this assignment is reversible. Given the collection of kernels of representations
whose corresponding modules have universal deformation ring not isomorphic
to the p-adic integers, one knows the fusion of φ.
These results generalize the results in [7], though we suppress the explicit
mention of cohomologically maximal modules. The finite irreducible subgroup
of Gl2(C) which are central extensions of dihedral groups by cyclic groups play
a particularly important role. We point out that in [7] the analysis was aided by
the fact that the representations of dihedral groups are, of course, well known.
In contrast, while central extensions of dihedral groups by cyclic groups which
admit faithful irreducible two-dimensional complex representations, can all be
viewed as extensions, even their isomorphism classes are not readily accessible.
In the argument that follows we perform our analysis on fusion and universal
deformation rings without the a priori knowledge of the representation theory
of the groups. From a careful reading of [7], one can see the following corre-
spondences are also obtained
Fusion of φ! {ker(ρ) : ρ ∈ Σ and R(Γ, Vρ) ∼= Zp[[t]]/(t
2, pt)}
Fusion of φ! {ker(ρ) : ρ ∈ Σ and dimFp(H
2(Γ,HomFp(V, V ))) = 2}
Fusion of φ! {ker(ρ) : ρ ∈ Σ and dimFp(H
1(Γ,HomFp(V, V ))) = 1}.
4 Central extensions of Dihedral groups by cyclic
groups
In this section, we consider the case where G is a finite irreducible subgroup
of Gl2(C) which is a central extension of a dihedral group by a cyclic group.
This corresponds to the case in section 3, where π(G) = H = D2n. Examples
of such groups include dihedral groups, semi-dihedral groups, and generalized
quaternion groups. Clearly, any such group is either dihedral, or a central
extension of a dihedral group by a cyclic group. We point out that this necessary
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condition is not sufficient, as many central extensions of dihedral groups by cyclic
groups do not admit a faithful two-dimensional complex representation.
Let G be a central extension of D2n by Z/mZ. Clearly, G has a presentation
G = 〈X,Y, Z|Xn = Zα, Y 2 = Zβ, Y X = Xn−1Y Zγ , Y Z = ZY,XZ = ZX〉
where α, β, γ are viewed modulo m. For G with the presentation above we
will write G is given by 〈X,Y, Z〉, (α, β, γ).
First, without any hypothesis on the representation theory of G, we can
suppose β = 0, or β = 1.
Lemma 4.1. Let G be a central extension of a dihedral group by a cyclic group,
then G is given by 〈X,Y, Z〉, (α, β, γ), where β = 0 or β = 1.
Proof. Let G be a central extension of D2n by the cyclic group Z/mZ. Then, G
is given by 〈X,Y, Z〉, (α, β, γ), for some (α, β, γ). First suppose Zβ ∈ 〈Z2〉. Let
G′ be the central extension of D2n by Z/mZ given by 〈X
′, Y ′, Z ′〉 corresponding
to the triple (α, 0, γ). Let Φ be given by
X ′
Φ
−→ X,Y ′
Φ
−→ Y Z−τ , Z ′
Φ
−→ Z,
where τ satisfies β = 2τ( mod m). Since the images of X ′, Y ′, Z ′ under Φ satisfy
the relevant relations, Φ defines a homomorphism from H to G. By inspection,
Ψ given by
X
Ψ
−→ X ′, Y
Ψ
−→ (Y ′)((Z ′)
τ
, Z
Ψ
−→ Z ′
is its inverse. Similarly, when Zβ /∈ 〈Z2〉 one shows G ∼= H = 〈X ′, Y ′, Z ′〉
corresponding to the triple (α, 1, γ). Of course the latter case is only possible
when m is even.
For those central extensions of dihedral groups by cyclic groups with faithful
irreducible two-dimensional complex representations, we next show that consid-
ering two-dimensional irreducible representation is natural, as such groups have
only one and two-dimensional irreducible complex representations.
Lemma 4.2. Let G is a central extension of a dihedral group by a cyclic group
which admits a faithful irreducible two-dimensional complex representation. Say
G given by 〈X,Y, Z〉, (α, β, γ) as above. Then, any irredicble representation of
G is one or two-dimensional.
Proof. Let ι denote the faithful irreducible Fp representation, and let Γ = Γι be
the corresponding semidirect product. Clearly, N = Z/pZ × Z/pZ is a normal
Sylow p-subgroup of Γ. Then, Γ/N = G has an abelian subgroup of index 2
given by 〈X,Z〉. Therefore, by [5, Thm. 1] every irreducible representation of
Γ in the algebraic closure of Fp, Fp has order 1 or 2. Since Fp is sufficiently
large, the same holds for Fp. Since an absolutely irreducible FpΓ- module is an
irreducible FpG-module inflated to Γ, the result follows.
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We next show that if G is a central extension of a dihedral group by a cyclic
group which admits a faithful irreducible two-dimensional complex represen-
tation, then every irreducible two-dimensional Fp representation of G can be
taken into the normalizer of the diagonal in Gl2(Fp). That is, for such a G, ρ
irreducible implies one can assume
ρ(G) ⊆
{(
a 0
0 b
)
|a, b 6= 0
}⋃{(0 a
b 0
)
|a, b 6= 0
}
= N(D).
Lemma 4.3. Let G be a central extension of a dihedral group by a cyclic group
which admits a faithful irreducible two-dimensional complex representation, say
G is given by 〈X,Y, Z〉, (α, β, γ). Let p and Fp be as above. Then, any irredicble
two-dimensional Fp representation of G is isomorphic as a representation to one
with image in the subgroup of Gl2(Fp) consisting of diagonal and skew diagonal
matrices.
Proof. Since G ⊆ Gl2(Fp), with π(G) ∼= D2n, we begin with the short exact
sequence below
0
0 Z/mZ G D2n 1
Gl2(Fp)
ι π
ι
By the classification of semisimple subgroups of Gl2(Fp) [4, Appendix by Feit],
G is contained in the normalizer of a Cartan subgroup, but not the Cartan
subgroup. Because Fp is sufficiently large, it must be a split Cartan subgroup
(one conjugate to F∗p × F
∗
p) . Therefore, by conjugating we may assume G ⊆
N(D). Now, for any irreducible two-dimensional representation ρ, we obtain
the morphism of sequences below.
0 Z/mZ G D2n 1
0 F∗p Gl2(Fp) PGl2(Fp) 1
ι π
ρ
ι π
ι r
Let r¯ be the injection D2n/ ker (r)
r¯
−→ PGl2(Fp). We obtain the commuting
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square
G/ker(ρ) D2n/ker(r)
Gl2(Fp) PGl2(Fp).
ρ¯
π
r¯
Thus, by applying the analysis in [4, Appendix by Feit] again to the image,
if the image of r is cyclic, then ρ(G) ⊆ D ⊆ N(D) and ρ is not irreducible, so
the image of r is dihedral ρ(G) ⊆ N(D).
An easy computation shows that H2(D2n,Z/mZ) depends on the parity on
n and m. Specifically,
H2(D2n,Z/mZ) =


0, if 2 6 |m
Z/2Z, if 2 6 |n, 2|m
Z/2Z× Z/2Z× Z/2Z, if 2|n,m.
That is, independent of whether such a group shows up as an irreducible
subgroups of Gl2(C), there are at most 2 isomorphism classes of central exten-
sions of D2n by Z/mZ in all cases except when both n and m are even. If n
and m are both even, there will always be extensions of D2n by Z/mZ which
admit faithful two-dimensional irreducible representations, for example central
products of D2n with Z/mZ. For the time being, we restrict our attention to
this case. Until section 6, from this point forward we assume 2|n,m. We will
now classify these groups in terms of the parameters corresponding to their
presentation.
Lemma 4.4. Let G be given by 〈X,Y, Z〉, (α, β, γ) as before. Let n,m be even,
p be such that Fp is sufficiently large for G, FpG is semisimple. Then, G is
an extension of D2n by Cm which admits a faithful two-dimensional irreducible
complex representation if and only if n2 (α+ γ) = α+
m
2 (mod m).
Proof. Since G is isomorphic to image under its faithful irreducible represen-
tation into Gl2(Fp), By Lemma 4.3, G is isomoprhic to the subgroup of N(D)
generated by
X =
(
wa+i 0
0 wa
)
, Y =
(
0 wr
wr 0
)
, Z =
(
wt 0
0 wt
)
,
where w a generator for F∗p, Z/mZ
∼= 〈wt〉, Z/nZ ∼= 〈wi〉 and w2r = 1 if β = 0
and wt if β = 1. By a simple computation, the relations
Xn = Zα, Y 2 = Zβ, Y X = Xn−1Y Zγ
are equivalent to showing the existence of exponents such that wan = wαt and
w2a+i = w(α+γ)t. Now let A = wαt, C = wγt. Clearly A and C arem-th roots of
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unity, and by inspection n2 (α+γ) = α+
m
2 (mod m) if and only if −A = (AC)
n
2 .
If wna = wαt and w2a+i = w(α+γ)t, then
w
n
2 (α+γ)t = w
n
2 2a+i = wαtwi
n
2 = −wαt.
So −A = (AC)
n
2 . Conversely, we show that we can solve tn = A,ωt2 = AC.
First, since Fp is sufficiently large, we may solve for t
2 = ω−1AC. Then since
n
2 (α + γ) = α +
m
2 (mod m), t
2n2 = (AC)
n
2 ω−1
n
2 , so tn = −(AC)
n
2 = A. Thus,
G given by 〈X,Y, Z〉, (α, β, γ) if and only if n2 (α+ γ) = α+
m
2 (mod m).
With these preliminary results on central extensions of dihedral groups by
cyclic groups out of the way, we now concentrate on fusion and universal defor-
mation rings.
5 Universal deformation rings and fusion
In this section we generalize the results of [7] on dihedral groups to central
extensions of dihedral groups by cyclic groups which admit a faithful irreducible
two-dimensional complex representation. This section will go a long way towards
the proofs of Theorems 1.1 and 1.2.
For the remainder of this section, G ⊆ Gl2(C), G is finite, irreducible with
G a central extension of D2n and by Z/mZ, for n,m even. As in the pre-
vious section, when we use a presentation of G, we will say G is given by
〈X,Y, Z〉, (α, β, γ). We choose an odd prime p = p(G) with FpG is semisimple,
and Fp is sufficiently large for G. We will let w denote a generator for the cyclic
group F∗p. Recall, that φ is any irreducible two-dimensional Fp representation of
G (not necessarily faithful), and Γ = Γφ is the corresponding semidirect product
(Z/pZ× Z/pZ)⋊φG.
In this section, we will show that there exists an irreducible two-dimensional
representation with universal deformation ring different from the p-adic integers
if and only if φ is trivial on the center of G. We will then show that when this
condition is satisfied, representations φ with the same fusion will correspond to
identical sets {ker(ρ),where R(Γφ, Vρ) ≇ Zp}.
Lemma 5.1. Let G be as above, G given by 〈X,Y, Z〉, (α, β, γ), φ any irreducible
two-dimensional Fp representation. Then, there exists an absolutely irreducible
two-dimensional FpΓ-module with universal deformation ring different from the
p-adic integers if and only if φ is trivial on the center of G. Moreover, the set of
two-dimensional irreducible modules with universal deformation ring different
from the p-adic integers is a full orbit under the action of the character group
of G.
Proof. Recall that a complete set of isomorphism classes of 2-dimensional irre-
ducible representations of D2n over Fp are given by
r
θℓ−→
(
ωiℓ 0
0 ω−iℓ
)
, s
θℓ−→
(
0 1
1 0
)
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where D2n is given by 〈r, s|r
n, s2, srs−1r〉, and 1 ≤ ℓ ≤ n2 − 1.
First, say β = 0. For any φ trivial on Z(G) we will construct explicitly a
representation with a non-trivial universal deformation ring. By Lemma 4.3, we
may assume
X =
(
wa+i 0
0 wa
)
, Y =
(
0 wr
wr 0
)
, Z =
(
wt 0
0 wt
)
,
where,
wan = wtα, w2r = 1, w2a+i = wt(α+γ). (1)
Since φ is trivial on 〈Z〉, φ = θℓ for some ℓ. Explicitly, φ = θℓ is given by
X
θℓ−→
(
wiℓ 0
0 w−iℓ
)
, Y
θℓ−→
(
0 1
1 0
)
, Z
θℓ−→
(
1 0
0 1
)
.
We proceed as in [7], showing that for φ = θℓ, a representation θ of G has
universal deformation ring different from Zp if and only if Vφ is a summand of
V ∗θ ⊗ Vθ = HomFp(Vθ, Vθ). By Lemma 4.3 we choose a basis such that with
respect to this basis the image of θ is contained in N(D). By inspection, the
one dimensional modules generated by each of(
1 0
0 1
)
,
(
1 0
0 −1
)
respectively, are each summands of HomFp(Vθ, Vθ) with the adjoint action.
A simple computation shows that the span of(
0 0
1 0
)
,
(
0 1
0 0
)
is an indecomposable two-dimensional submodule of HomFp(Vθ, Vθ), and is
isomorphic to θℓ if and only if X
θ
−→
(
we 0
0 we+iℓ
)
.
With this observation in mind, we define a representation ρℓ of G by,
X
ρℓ
−→
(
waℓ 0
0 waℓ+iℓ
)
, Y
ρℓ
−→
(
0 wr
wr 0
)
, Z
ρℓ
−→
(
wtℓ 0
0 wtℓ
)
One can verify directly that using the identities in (1), that
(ρℓ(X))
n = (ρℓ(Z))
α, (ρℓ(Y ))
2 = 1 = (ρℓ(Z))
m,
ρℓ(Y )ρℓ(X) = (ρℓ(X))
n−1ρℓ(Y )(ρℓ(Z))
γ .
Therefore, ρℓ is a representation of G. By inflation, ρℓ is an absolutely
irreducible FpΓ-module. By observing the difference between the exponents
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of the diagonal entries of ρℓ(X), we see that R(Γ, Vρℓ) is Zp[[t]]/(t
2, pt) [7, 1].
Moreover, for any representation τ with R(Γ, Vτ ) ≇ Zp, τ must send
X
τ
−→
(
wf 0
0 wf+ℓi
)
, Y
τ
−→
(
0 ws
ws 0
)
, Z
τ
−→
(
wtg 0
0 wtg
)
.
Since, by hypothesis, τ is a representation of G, it must be the case that
w2s = 1, wnf = wtgα = wnag , wtg(α+γ) = w2f+ℓi. (2)
Thus, we define χ by
X
χ
−→ wf−ℓa, Y
χ
−→ ws−r, Z
χ
−→ wtg−tℓ.
Then, by direct computation using (1), (2),
(χ(X))n = (χ(Z))α, (χ(Y ))2 = 1 = (χ(Z))m, χ(Y )χ(X) = (χ(X))n−1χ(Y )(χ(Z))γ .
Thus, χ is a character of G. Since the action of the character group preserves
the difference between the exponents of the diagonal entries of ρℓ(X), the result
holds.
If instead β = 1, then from our presentation, we have that
wan = wtα, w2r = 1, wt = wt(α+γ).
For φ = θℓ, we let ρℓ be defined by
X
ρℓ
−→
(
waℓ 0
0 waℓ+iℓ
)
, Y
ρℓ
−→
(
0 wrℓ
wrℓ 0
)
, Z
ρℓ
−→
(
wtℓ 0
0 wtℓ
)
Again, ρℓ has R(Γ, Vρℓ) ≇ Zp and any other such representation differs from
ρℓ by a character.
Remark 5.2. Note that of course D4n is both dihedral and a central extension
of D2n by Z/2Z. We reconcile the results of [7, Thm. 1.1 b] with Lemma 5.1
by pointing out that the faithful representation of D4n, θ1 is not trivial Z = r
n.
When we view G = D4n as a central extension of D2n by Z/2Z = 〈r
n〉, the
representation of G inflated from the representation of D2n which we called θ1
is labeled θ2 when viewed as a representation of D4n.
Corollary 5.3. Given p, n,m,G = 〈X,Y, Z〉, (α, β, γ) as before. By using uni-
versal deformation rings we show that in fact the center of G must be exactly
〈Z〉.
Proof. Suppose G is given and let Γ correspond to a faithful representation φ
of D2n = G/〈Z〉. That is, φ corresponds to a composition
G→ D2n = G/〈Z〉
θk−→ N(D)
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where θk is faithful. From the proof of Lemma 5.1, we have seen that there
exists a two-dimensional representation ρℓ with R(Γ, Vρℓ) ≇ Zp. Then since φ is
indecomposable by [7], it must therefore be trivial on the center of G the result
follows.
We note that this fact can be proved using alternative methods.
With Lemma 5.1 in mind, we now compute the character group explicitly
for G.
Lemma 5.4. Let G be given by 〈X,Y, Z〉, (α, β, γ), and let m′ = m2 . Then, the
characters of G are as follow:
i. If β = 0, 2t′ = −α− γ, then the characters of G are
X
χa,b,c
−−−−→ (−1)aI−t
′c, Y
χa,b,c
−−−−→ (−1)b, Z
χa,b,c
−−−−→ Ic
where a, b = 0, 1 and c = 0, 1, ...m′ − 1 and 〈I〉 = Z/m′Z.
ii. If β = 0, 2t′ + 1 = −α− γ, then the characters of G are
X
χa,b
−−−→ Ia(−α−γ), Y
χa,b
−−−→ (−1)b, Z
χa,b
−−−→ I−2a
where a = 0, 1, ...m, b = 0, 1 and 〈I〉 = Z/mZ.
iii. If β = 1, 2t′ = −α− γ, then the characters of G are
X
χa,b
−−−→ (−1)bIa(α+γ), Y
χa,b
−−−→ Ia, Z
χa,b
−−−→ I2a
where a = 0, 1, ...m− 1, b = 0, 1 and 〈I〉 = Z/mZ.
iv. If β = 1, 2t′ + 1 = −α− γ, then the characters of G are
X
χa,b
−−−→ Ia(−α−γ), Y
χa,b
−−−→ (−1)bI−a, Z
χa,b
−−−→ I−2a
where a = 0, 1, ...m− 1, b = 0, 1 and 〈I〉 = Z/mZ.
Proof. First, we compute the commutator subgroup [G,G]. Suppose β = 0. By
direct computation, [X,Y ] = XYXn−1Z−γY = XYXn−1Y Z−γ = XY 2XZ−αZ−γ =
X2Z−α−γ , so 〈X2Z(−α−γ)〉 ⊆ [G,G]. Since [G,G]⊳G, Y X2Z(−α−γ)Y ∈ [G,G],
but
Y X2Z−α−γY = Y XXYZ−α−γ
= Xn−1Y XY Zγ−α−γ
= Xn−1Y XY Z−α
= Xn−1Xn−1ZγZ−α
= Z2αXn−2Z−αZγ−α
= Xn−2Zγ
= (X2Z(−α−γ))
−1
.
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Therefore Y X2Z(−α−γ) = (X2Z(−α−γ))
−1
Y , so 〈X2Z(−α−γ)〉⊳G. SinceG/〈X2Z(−α−γ)〉
is abelian, [G,G] = 〈X2Z(−α−γ)〉. A similar computation holds when β = 1.
Now, since G admits a faithful two-dimensional complex representation, by
Lemma 4.4, we have that n2 (α+ γ) = α+
m
2 ( mod m). By the above computa-
tion, a counting argument shows that |G/[G,G]| is 4 times the greatest common
divisor of n2 (−α− γ) + α( mod m) and m. Therefore the character group of G
has order 4m2 = 2m. We will compute the characters explicitly.
First, suppose β = 0. We solve the system nX = αZ, 2Y = 0, 2X =
(α + γ)Z, (m/2)Z = 0 in Z−mod. Recall that n2 (α + γ) = α +
m
2 ( mod m).
Using row operations,


2 0 −α− γ
n 0 −α
0 2 0
0 0 m/2

→


2 0 −α− γ
0 0 n2 (−α− γ) + α
0 2 0
0 0 m/2

→


2 0 −α− γ
0 2 0
0 0 m/2
0 0 0


.
Now, suppose 2t′ = −α− γ. Then using column operations we obtain


2 0 −α− γ
0 2 0
0 0 m/2
0 0 0

→


2 0 0
0 2 0
0 0 m/2
0 0 0


.
Thus, the character group of G is isomorphic to Z/2Z × Z/2Z × Z/m′Z with
explicit generatorsXZt
′
, Y and Z. Solving for the images ofX,Y, Z respectively
we obtain the result for β = 0, 2t′ = −α− γ. The other cases are similar.
For φ trivial on the center of G, φ = θℓ, for some representation θℓ of D2n.
We now show that two representations φi = θℓi for i = 1, 2, for which the
parameter ℓi has the same greatest common divisor with n, have the same set
of kernels of those representations whose corresponding FpΓφi -modules have
universal deformation ring not the p-adic integers.
Proposition 5.5. Let φi = θℓi for i = 1, 2 be two two-dimensional represen-
tations of G = 〈X,Y, Z〉 which are trival on 〈Z〉. Then, if (ℓ1, n) = (ℓ2, n),
then
{ker(θ),where R(Γθ1 , Vθ) ≇ Zp} = {ker(θ),where R(Γθ2 , Vθ) ≇ Zp}.
Proof. Fix φ = θℓ. Let ρℓ denote the representation
X
ρℓ
−→
(
waℓ 0
0 waℓ+iℓ
)
, Y
ρℓ
−→
(
0 wr
wr 0
)
, Z
ρℓ
−→
(
wtℓ 0
0 wtℓ
)
.
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We previously showed in the proof of Lemma 5.1 that R(Γφ, Vρℓ) ≇ Zp.
Clearly,
ρℓ(X
cZd) =
(
w(caℓ+ℓdt) 0
0 w(caℓ+ciℓ+ℓdt)
)
.
By Lemma 5.1, since the collection {ρ with R(Γφ, Vρ) ≇ Zp} corresponds to
the orbit of the representation ρℓ under the action of the character group, the
kernel of any such representation ρ satisfies
ker(ρ) ⊆ 〈X
p−1
(p−1,iℓ) , Z〉 = 〈X
n
(n,ℓ) , Z〉 = {g ∈ G with ρℓ(g) a scalar matrix }.
Clearly, n(n,ℓ) depends only on (n, ℓ).
Additionally,
ker(ρℓ) = {X
n
(n,ℓ)
σZτ such that wt(α
ℓ
(n,ℓ
)σ+ℓτ) = 1},
where 0 ≤ σ ≤ (n, ℓ)− 1, and 0 ≤ τ ≤ m− 1.
Therefore, the kernel of ρℓ can be determined from the solutions to the linear
diophantine equation
α
ℓ
(n, ℓ)
σ + ℓτ (3)
where the coefficients α ℓ(n,ℓ) and ℓ are taken mod (m), and σ, τ are in the
appropriate intervals. These intervals are independent of ℓ, depending only on
the greatest comon divisor of ℓ and n.
Now, suppose β = 0, 2t′ + 1 = −α− γ. Then, from our previous calculation
in Lemma 5.4, we see that the character group restricted to 〈X,Z〉 is cyclic with
generator χ given by
X
χ
−→ wt(−α−γ), Z
χ
−→ w−2t.
Thus,
ker(χ · ρℓ) = {X
n
(n,ℓ)
σZτ such that wt(α
ℓ
(n,ℓ)
σ+ℓτ+ n
(n,ℓ)
(−α−γ)σ−2τ) = 1},
where 0 ≤ σ ≤ (n, ℓ)− 1, 0 ≤ τ ≤ m− 1.
Therefore, the kernel of χ · ρℓ can be determined by the solutions to the
linear diophantine equation
α
ℓ
(n, ℓ)
σ + ℓτ +
n
(n, ℓ)
(−α− γ)σ − 2τ
= [α
ℓ
(n, ℓ)
+
n
(n, ℓ)
(−α− γ)]σ + [ℓ− 2]τ
where again the coefficients are mod (m), and σ, τ are as above. It’s clear
that to go from χk · ρℓ to χ
k+1 · ρℓ one simply adds
n
(n,ℓ) (−α− γ)σ − 2τ to the
previous linear diophantine equation. The key observation is that the equation
n
(n,ℓ)(−α− γ)σ − 2τ is independent of ℓ, depending only on (n, ℓ).
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Thus given ℓ1, ℓ2 having the same greatest common divisor with n, we will
show their corresponding lists of linear diophantine equations are the same up
to permutation. This is sufficient, as in both instances the variables σ and τ
correspond to the power of the same element of G, σ corresponding to a power of
X
n
(n,ℓ) and τ to a power of Z. Explicitly, we show that for any ℓ the diophantine
equation corresponding to the kernel of ρℓ,
α
ℓ
(n, ℓ)
σ + ℓτ =
ℓ
(n, ℓ)
(ασ + (n, ℓ)τ)
is the diophantine equation corresponding χk · ρ(n,ℓ), for some k. By the peri-
odicity of the action of the character group this suffices.
First, suppose 2| n(n,ℓ) . Now we must only show kασ+k(n, ℓ)τ is the diophan-
tine equation corresponding to some power of χ acting on ρ(n,ℓ). Since 2|
n
(n,ℓ) ,
we need only demonstrate this for k odd. But,
(n, ℓ)[
n
(n, ℓ)
(−α− γ))σ − 2τ ] = 2[
n
2
(−α− γ))σ]− 2(n, ℓ)τ
= 2[−α+
m
2
]σ − 2(n, ℓ)τ
= −2α− 2(n, ℓ)τ.
Therefore, any odd multiple of ασ + (n, ℓ)τ can be achieved.
Now suppose 2 6 | n(n,ℓ) . We will show that there exists a k with
k[
n
(n, ℓ)
(−α− γ))σ − 2τ ] = ασ + (n, ℓ)τ.
Set k = (m2 −
(n,ℓ)
2 ). Then, (
m
2 −
(n,ℓ)
2 )[
n
(n,ℓ)(−α− γ))σ − 2τ ]
= (
m
2
−
(n, ℓ)
2
)[
n
(n, ℓ)
(−α− γ))σ + (
m
2
−
(n, ℓ)
2
)(−2τ)
= [
m
2
n
(n, ℓ)
(−α− γ)−
n
2
(−α− γ)]σ + (n, ℓ)τ
= [
m
2
n
(n, ℓ)
(−α− γ) + α−
m
2
]σ + (n, ℓ)τ
= [
m
2
[
n
(n, ℓ)
(−α− γ)− 1] + α]σ + (n, ℓ)τ
= ασ + (n, ℓ)τ
as required since [ n(n,ℓ)(−α − γ)− 1] is even. Thus, we have showed that when
β = 0, 2t′ + 1 = −α − γ, if φi = θℓi for i = 1, 2 are such that (n, ℓ1) = (n, ℓ2),
then as sets
{ker(ρ),where R(Γφ1 , Vρ) ≇ Zp} = {ker(ρ),where R(Γφ2 , Vρ) ≇ Zp}.
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When β = 1, 2t′+1 = −α−γ, the identical argument holds. In the remaining
two cases, the argument is similar, though the group of characters restricted to
〈X,Z〉 is not cyclic.
Before proving what amounts to the converse, we provide an example of
the lists of diophantine equations for representations with the same greatest
common divisor, as featured in the proof of Proposition 5.5.
Example 5.6. Let (n,m) = (20,24), (α, β, γ)= (18,0,9). So G is an extension
of D20 by Z/24Z, and G is given by (18,0,9). As the identity of Lemma 4.4
is satisfied, G admits a faithful irreducible two-dimensional complex represen-
tation. The collection of θℓ for which (ℓ,n) = 1 is precisely θ1, θ3, θ7, and θ9.
One can see that the linear diophantine equations corresponding to the kernels
of the representations θℓ with R(Γφ(Vθℓ) ≇ Zp are the same up to permutation.
Representation ℓ = 1 ℓ = 3 ℓ = 7 ℓ = 9
ρℓ 18σ + τ 6σ + 3τ 6σ + 7τ 18σ + 9τ
χ · ρℓ 6σ + 23τ 18σ + τ 18σ + 5τ 6σ + 7τ
χ2 · ρℓ 18σ + 21τ 6σ + 23τ 6σ + 3τ 18σ + 5τ
χ3 · ρℓ 6σ + 19τ 18σ + 21τ 18σ + τ 6σ + 3τ
χ4 · ρℓ 18σ + 17τ 6σ + 19τ 6σ + 23τ 18σ + τ
χ5 · ρℓ 6σ + 15τ 18σ + 17τ 18σ + 21τ 6σ + 23τ
χ6 · ρℓ 18σ + 13τ 6σ + 15τ 6σ + 19τ 18σ + 21τ
χ7 · ρℓ 6σ + 11τ 18σ + 13τ 18σ + 17τ 6σ + 19τ
χ8 · ρℓ 18σ + 9τ 6σ + 11τ 6σ + 15τ 18σ + 17τ
χ9 · ρℓ 6σ + 7τ 18σ + 9τ 18σ + 13τ 6σ + 15τ
χ10 · ρℓ 18σ + 5τ 6σ + 7τ 6σ + 11τ 18σ + 13τ
χ11 · ρℓ 6σ + 3τ 18σ + 5τ 18σ + 9τ 6σ + 11τ
χ12 · ρℓ 18σ + τ 6σ + 3τ 6σ + 7τ 18σ + 9τ
Clearly, the lists above are the same up to cyclic permutation. In each
column, the next diophantine equation is obtained by adding 12σ − 2τ to the
previous equation with coefficients viewed modulo m. Note that different linear
diophantine equations sometimes correspond to the same kernel.
Remark 5.7. The lists of diophantine equations may be identical for ℓ1, ℓ2 with
different greatest common divisors with n. Again let (n,m) = (20,24), (α, β, γ)=
(18,0,9). Let ℓ1 = 5, ℓ2 = 1.
Here ρ5 has diophantine equation 18σ + 5τ which appears in the table corre-
sponding to ℓ with (n, ℓ) = 1. Moreover, for both ℓ = 1 and ℓ = 5,
n
(n, ℓ)
(−α− γ))σ − 2τ = 12σ − 2τ modulo m,
therefore their lists are identical, though the collection of kernels is not, since
when ℓ = 5 the value of σ corresponds to a power of X4.
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We now prove that if φ is trivial on the center of G, then the fusion of φ can
be determined by the collection {ker(θ),where R(Γφ, Vθ) ≇ Zp}.
Proposition 5.8. Suppose φ1, φ2 are trivial on 〈Z〉 = Z(G). Then, if
{ker(ρ),where R(Γφ1 , Vρ) ≇ Zp} = {ker(ρ),where R(Γφ2 , Vρ) ≇ Zp},
then, φ1, and φ2 have the same fusion.
Proof. Since N = Z/pZ×Z/pZ is abelian, it is clear that two distinct elements
of N are fused exactly when they are in the same orbit under φ. As φ is trivial
on the center of G as noted previously, φ is a representation for D2n = G/〈Z〉
inflated up to G. It follows that the fusion of φ = θℓ is exactly as calculated in
[7, Prop. 4.8]. Specifically, setting ω = wi, the fusion orbits are as follows:
1. Orb
(
0
0
)
=
{(
0
0
)}
.
2. For
(
x
y
)
∈ F∗p × F
∗
p, y/x ∈ 〈ω
ℓ〉, we have
Orb
(
x
y
)
=
{(
x
y
)
,
(
ωℓx
ω−ℓy
)
,...,
(
ω(k−1)ℓx
ω−(k−1)ℓy
)}
.
3. For
(
x
y
)
not in 1. or 2., we have
Orb
(
x
y
)
=
{(
x
y
)
,
(
ωℓx
ω−ℓy
)
,...,
(
ω(k−1)ℓx
ω−(k−1)ℓy
)
,
(
y
x
)
,...,
(
ω−(k−1)ℓy
ω(k−1)ℓx
)}
.
These orbits completely determine the fusion of φ, as elements ofN are fused
exactly when they are distinct elements of the same orbit. In particular, we see
that fusion depends only on the greatest common divisor of ℓ and n. That is,
θℓ1 and θℓ2 have the same fusion if and only if (n, ℓ1) = (n, ℓ2)
Let φ = θℓ. If 2|(n, ℓ), by the main results in [7] one can use the kernels of the
representation of G/〈Z〉 to determine fusion. If ℓ is odd, however, there will not
be any representations of G/〈Z〉 = D2n with non-trivial universal deformation
rings. It suffices, therefore, to only distinguish between θℓ, where 2 6 |(n, ℓ) .
It follows from the argument in Proposition 5.5, that if (n, ℓ) = 1, then for
any θ with R(Γφ, Vθ) ≇ Zp, ker(θ) ⊂ 〈Z〉. Thus, the result follows once we
demonstrate that for ℓ odd, there exists a representation θ with R(Γ, Vθ) ≇ Zp
and X
n
n,ℓZτ ∈ ker(θ), for some τ . As this corresponds to a solution to the
diophantine equation for σ = 1, it is the minimal power of X in any element
of the kernel of any representation with non-trivial universal deformation ring.
Therefore, this minimal power of X will determine (n, ℓ), and hence the fusion
of φ.
But we know that ασ + (n, ℓ)τ is one of the diophantine equations corre-
sponding to φ = θℓ by Proposition 5.5. Since (n, ℓ) is odd, by repeatedly adding
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n
(n,ℓ)(−α−γ))σ−2τ , we obtain the equation Bσ+1τ for some B in Z/mZ. But
−B ∈ 〈1〉, so therefore (σ, τ) = (1,−B) is a zero of this diophantine equation.
Therefore X
n
n,ℓZ−B is in the kernel of the appropriate representation θ. The
result follows.
6 Proof of main results
We will now prove our main results. First, let us relax our hypotheses from the
last sections. Now G is any finite irreducible subgroup of Gl2(C). Again, we
associate to G on odd prime p = p(G) such that FpG is semisimple and Fp is
sufficiently large for G.
We now prove Theorem 1.1. The function V → R(Γφ, V ) is non-constant if
and only if the representation φ is trivial on the center of G.
Proof. Recall that since the irreducible representation G ⊆ Gl2(C) is realizable
over Fp and G is a semisimple subgroup of Gl2(Fp), if π is the natural projection
from Gl2(Fp)
π
−→ Gl2(Fp) then,
π(G) =


D2n, for some n
Z/mZ, for some m
A4, A5, or S4.
By [7, Cor. 3.4] any irreducible φ for which such a module V exists must
be trivial on the center of G. Therefore, we need only prove the converse.
We proceed in cases. If π(G) is cyclic, G is contained in a Cartan subgroup
of Gl2(Fp) and is thus abelian. Then, since Fp is sufficiently large, G admits
no irreducible faithful two-dimensional complex representations. Therefore, no
such irreducible φ exists (See [7] for analysis of the function V → R(Γ, V )
for G finite, abelian). For G with π(G) not cyclic, if φ is trivial on Z(G)
then φ is a representation of D2n, A4, A5 or S4. Since A4 and A5 have no
two-dimensional irreducible complex representations, for all irreducible finite
subroups of Gl2(C) that are central extensions of A4, or A5 by cyclic groups,
the function V → R(Γ, V ) is the constant function Zp, for every irreducible
two-dimensional φ.
For a central extension of S4 by a cyclic group which admits a faithful
irreducible two-dimensional complex representation, the only φ irreducible and
trivial on the center of G is the representation of D6 inflated first to S4, then
to G. By inspection, R(Γφ, Vφ) ≇ Zp.
Thus, we have reduced to the case when π(G) dihedral. Recall that the second
cohomology of D2n with coefficients in Z/mZ depends on the parity of n,m,
H2(D2n,Z/mZ) =


0, if 2 6 |m
Z/2Z, if 2 6 |n, 2|m
Z/2Z× Z/2Z× Z/2Z, if 2|n,m.
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For n odd, for any such G, one can find a representation of D2n with universal
deformation ring not the p-adic integers by the main results in [7]. This repre-
sentation can be inflated to G. For n even and m odd since ker(π) are scalar
matrices, no such G exists. Therefore, by Lemma 5.1 the result follows.
We now prove Theorem 1.2.
Proof. Suppose G ⊆ Gl2(C), G finite and irreducible. Suppose φ is irreducible
and the function V → R(Γ, Vφ) is nonconstant. Then, by the comments above,
G is a central extension of a dihedral group by a cyclic group, or a central
extension of S4 by a cyclic group. In the latter case, since φ is trivial on the
center of G, φ must be the representation of G inflated from the irreducible
representation of D6 = S4/(Z/2Z × Z/2Z), so the result is trivial. Thus, we
reduce to the former case. Let Fp be as above, and suppose π(G) is dihedral.
We show that one can determine the fusion of Z/pZ×Z/pZ in Γ from the graph
of V → R(Γ, V ) whenever this function is not constant on the collection of ab-
solutely irreducible two-dimensional FpΓ-modules.
Again, by the comments inside the proof of Theorem 1.1, we reduce to the
situation when both n,m are even. Therefore assume 2|n,m, and G is given by
〈X,Y, Z〉, (α, β, γ), where β = 0, 1.
Since the function V → R(Γφ, V ) is not the constant function V → Zp, φ is
trivial on the center of G, so φ = θℓ for some representation of G/〈Z〉 = D2n. By
Propositions 5.5, 5.8, and the proof of Theorem 1.1, the fusion of Z/pZ×Z/pZ
in Γ is determined by (n, ℓ). That is, φ1 and φ2 have the same fusion exactly
when
{ker(ρ),where R(Γφ1 , Vρ) ≇ Zp} = {ker(ρ),where R(Γφ2 , Vρ) ≇ Zp}.
Moreover, in the proof of Proposition 5.8 we see explicitly how to use the
collection of kernels to see the greatest common divisor of any φ and hence its
fusion.
Thus, the fusion of φ is uniquely determined by the set
{ker(ρ) : ρ ∈ Σ with R(Γ, Vρ) ≇ Zp}.
Thus, the results of [7] are generalized.
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